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ABSTRACT 

Low-energy effective M-theory (lid supergravity or lid SUSY theory) is 
considered in lid ffat or AdS baclcground. After orbifold compactification of 
eleventh dimension one gets flat lOd brane at non-zero temperature. Quan- 
tum effective potential (free energy at low-temperature approximation) is 
calculated on such brane with account of only lowest mass from Kaluza-Klein 
modes. Such effective potential may stabihze the radius of 11th dimension 
(radion stabilization) as it is demonstrated explicitly. 
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Thermodynamics of extended objects is known to be quite remark- 
able. It is marked by the presence of Hagedorn (critical) temperature for 
(super)strings|I| and (super)membranes0]. It is expected that M-theory 
thermodynamics should also contain the Hagedorn temperature (for recent 
discussion, see 0, From another side, brane- worlds |^ with trapping of 
gravity are expected to be useful in M-theory in different aspects 0. It could 
be that (classical and quantum) thermal effects in M-theory may provide the 
interesting consequences to brane-worlds which in their own turn may help 
in better understanding of thermodynamics. In the recent model it was 
demonstrated that thermal fiat brane in AdSs bulk may be stabilized by 
quantum effects. In other words, radion stabilization occurs due to thermal 
quantum effects. 

In the present Letter we consider low-energy effective M-theory (lid su- 
pergravity or lid SUSY theory) in fiat or AdS lid bulk. Thermal fiat brane 
is obtained after orbifold S1/Z2 compactification of eleventh coordinate (the 
temperature is introduced in the standard way by compactification of time). 
The systematic method to calculate free energy (effective potential) at low- 
temperature approximation is developed with account of only lowest mass 
from KK toweiQ. The explicit calculation shows that such quantum free 
energy may stabilize the radius of orbifolded dimension. In other words, 
spontaneous compactification of lid brane-worlds occurs due to account of 
thermal quantum effects. 

We start with a simple review of black body radiation. Since the energy of 
a single particle with momentum p and mass m is given by Ep = y/p'^ + m'^, 
one obtains the following expression for its contribution to the partition func- 
tion Zp for boson and for fermion: 

(1) 

Here jS is the inverse temperature , jS = 1/T, and we sum over all possible 
states with n particles (quanta). In Eqs.(0) one expresses the zero-point 
energy by ±|-Ep. The total partition function of the particle with mass m in 

* The similar approach to calculation of graviton amplitudes in lid SG via the cor- 
responding evaluation of amplitudes in lOd SG with account of Kaluza-Klein modes has 
been developed in refs.[|[ D 
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a. d — 1-dimensional volume Vd-i is given by summing over with respect 
to the momentum p: 

Hf h f d'^'^p lnf2sinhf^)) 

^ V (27r)^-i In (2 cosh (^)) ^ ^ 

Here F^'^ is free energy. Sign + and sinh (— and cosh) correspond to bosonic 
(fermionic) case in (Q). The expr. (Q) diverge and require regularization in 
general. For supersymmetric case, we obtain a finite result: 

pp. . ^ . + f /) . v-,,. / ^ lu (tanh (^) ) . (3) 

The average energy E is given by the derivative of the free energy, E 

d_ 

op 



4g {13 F). Then for above cases (Q) and (H), one gets 







Ei{^-m) 


= -Vd^i 







^"P^^ cothf^^l . (4) 



(27r)^-i 2 V 2 

^tanhf^) . (5) 

(27r)"'-i 2 V 2 y 



(27r)^-i sinh/5Ep ' 

This completes our elementary review of quantum statistics at nonzero tem- 
perature. 

As we will be mainly interested in the supersymmetric case, we subtract 
the zero temperature contributions from E^[(3;m) in Eq. (I) and Ei{f3]m) 
in Eq. (||) : E^'-^{l3]m) = E^'-^{(3]m) — E^'-^ [oo; m) . (The zero temperature 
contributions in E\[[3] m) cancel with each other in the supersymmetric case.) 
Note that E^{(3;m) and E{{(3]ra) are finite. By changing the variable from 
g to s : q = v^s^ + 2(3ms, the energies E^{(3;m) and Eji{f];m) have the 
following forms: 

E/ (p; m) = 2"^^ — T— -T / ds —5 ; . (7) 

When 171 = 0, one finds 
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Here we assume d is even and Bn are the Bernoulli numbers. For example, 
B2 = B5 = and we used the following formulae 

e2^^ + l 2n\ 2"-V Jo e^'^^ - 1 2n 

Usually the temperature can be regarded to be much lower than the 
Planck scale. For example, even the characteristic temperature in hot infla- 
tionary universe is much lower. Then it will be enough if we work in the low 
temperature limit, where /? — 00. Then one gets 



2—n—V[^)(3—J^ 2{2tt/3) — 



The last expression has a maximum with respect to m when m = The 
expression (p!OD vanishes in the limit m —>■ 00. The expression (0) also 
vanishes when m = but this is not exact since we take (3 ^ 00 limit first. 
The exact values when m = are given in Eqs.(§) and they are positive. 

We should sum up the energy with respect to the masses of the Kaluza- 
Klein modes, but due to the factor of e~^"^ in (p!OD, when /3 is large it is 
enough to include only the lowest mass. 

Let us consider M-theory, whose low energy effective theory is lid su- 
pergravity, in the spacetime i?io x Si or _Rio x (5*1/^2) (see corresponding 
discussion in [Q). The mass spectrum in the effective lOd theory is given by 

= :^ + Pr^x^ . (11) 

Here k and / are integers, R is the radius of the sphere Si, and is the 
tension. The second term corresponds to the mode where the membrane 
with the shape of a tube winds in Si if lid theory is membrane. Since 
the situation does not depend much on the spacetime dimension, one can 
consider string with one compactified dimension: Si. The spectrum enjoys 
T-duality given by i? — > p-^. Therefore the lowest mass is 

"=1^ R<1 ■ (12) 
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Note that the lowest mass has maximum mmax = A when R = j when the 



energies (p!0[) are: 



E/(/?;m) . (13) 

2(27r/3) — 

One can identify the energy in the supersymmetric case as in (P) and effective 
potential with respect to the compactification radius R; 

V{R- (3) = NY. El, (/?; m{R)) = N J2 iP; m{R)) . (14) 
i=bj i=bj 

Here is number of bosonic degrees of freedom in supermultiplet. The 
potential has the local minima when R = 0, oo [m = 0) given by (^, or 
R = J {m = X) given by (|13]). Due to the factor e~'^^, the minimum at 
R = J is much lower than other two minima in the low energy temperature 
and becomes the global minimum. Therefore the thermal effects stabilize 
the radius of the compactification. Furtheremore by comparing (H) with 
(|T3|), we find the possibility of the phase transition when P = j. In the 
high temperature phase the radius vanishes or becomes infinite, which is 
equivalent due to T-duality. Since we need to sum up all the Kaluza-Klein 
modes, which become massless in the limit of i? — ^ or oo and the quantum 
effects would be important when /5 = A, we could not say any reliable things 
about the phase transition. 

Recently the free energy of the M-theory in the spacetime Rio x Si or 
i?9 X 5*1 X 5*1 was calculated in 0. For Riq x 5*1, the obtained free energy is: 

T 32n^Rl^ n^RoRli \ J ^ ' 

Here Ru is the radius of Si, Rq = {2ttT)^^ and C{x) is zeta function, es- 
pecially C(10) = gfsss- In all the KK modes were summed up but the 
wrapping or winding mode has not been included. The eqs.(|l^) and (|1^) 



were estimated for single boson. Therefore the first leading term in (P^) 
should be cancelled in the supersymmetric theory. 

In our formulation, the low temperature approximation is applied. Only 
lowest massive modes are included in most of the regions, except the limit 
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that all modes become massless, when i? — or i? — oo. In the limit — 0, 
the temperature dependent leading term of the supersymmetric free energy 
in (|r^ has the following form: 

^ 24-2^07r5C(10)^ 1 sub-leading 
^ /^lo or /^-independent terms 

Then the energy is given by 

p = A ^ = 9-24-2^VC(10)^9 sub-leading 
^ 5/3 ^ /310 ^ or /5-independent terms ' ^ ^ 

which corresponds to the bosonic case in Eq.(^ with d = 10. In Eq.(^), 
the contribution from only lowest massive mode was included but in ([18|), 
those from all massive modes were done. In spite of such a difference, the 
expression (p!8[) is not so different from that in that is, both of them are 
proportional to l3~^^ and the coefficients are positive. Therefore the analysis 
given in this paper is valid even for m ~ 0. 

As an extension, we now consider the orbifold compactification of lid AdS 
space, as in the Randall- Sundrum model 0. The 11th dimension, here called 
y, is compactified on an orbifold S1/Z2 of radius R, with —ttR < y < rrR. The 
orbifold fixed points, y = and y = ttR, are the locations of two branes, and 
form the boundary of the 11-dimensional space-time. The 11-dimensional 
metric is Qmn, with the lid coordinates labelled by capital letters, M = 
(/i, 11). The 10-dimensional Minkowski metric is 77^,^ = diag(— 1, 1, 1, ■ ■ ■ , 1), 
with /i = 0, 1, 2, ■ ■ -, 9. The line element is 

ds^ = e-'^'^ri^^dx^'dx'' + (19) 

where a = k\y\. Here k is a parameter of the Planck scale order, related to 
the AdS radius of curvature. The latter is equal to 1/k. The points {x^,y) 
and {x^, —y) are identified. Let us assume that there is a real scalar field 
(/)(x'^, y) in the bulk, with a mass given by 

mliy) = ae + ba"{y) , (20) 

with (T"{y) = 2k [6{y) — 6a"{y)], cr'{y) = ke{y) = k^y Here a is an arbitrary 
non-dimensional parameter, defined as in [jlT|. The equation of motion for 

Qm (x/^^^'^^^tv^) - ak^ = , (21) 



'-9 



IS 
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where g = det {qmn)- Using the metric ( [T9| ) one can write Eq.(|21|) as 



Expanding as 



= 



we get field equations 



2'kR 



ri=0 



dfn 



dy 



dy 



(22) 
(23) 

fn, (24) 



in agreement with [^. Here /„(?/) are the Kaluza-Klein modes, and m„ is 
the mass of the Kaluz-Klein excitation (p^^'K The solution of Eq.(p^) is 

fn{y) = e^'^ [J, (z„e'^) + 6„ (m^ (^ne")] , (25) 

with Zn = Here Jq, are the Bessel and Neumann functions, of order 
a = \/25 + a. Assume that a > 0. If the scalar field is even under Z2 
transformation: y — >• —y, we have /„(?/) = fn{\y\)- Then by using (^), one 

and we get the following two equations for 



finds = - ba'U 
determining ha and rria'- 



y=0,nR 



(5 - b)Ja{Zn) + ZnJ'ai 
{h-h)Y^{z^) + ZnY:^{Zn) 



(26) 



The above equations determine masses of the Kaluza-Klein modes. We only 
considered the masses of the scalar field (p but if the supersymmetry is pre- 
served, the masses of the KK mode of spinor, which is the superpartner of 
(f), should be identical with those of (p. 

In order to investigate the qualitative structure of the roots in Eqs. (|26|) , 



one defines a new variable x by a; 
following form: 



e 



TTkR 



and rewrite Eqs. 



(5 - b)J^{x) + xJ'M _ (5 - ^)'^" (xe-'^'^^) + xe-^^^j; (xe'-'^^ 



(5 - b)Y^{x) + xY^{x) (5 - b)Ya (xe-^'^^) + xe-^i^^Y^ (xe-'^'=«) 



in the 



• (27) 
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Note that there is a trivial solution x = in p7| ) but since the solution 
corresponds to the massless mode, we do not consider it here. If we fix x and 
take the limit of i? — oo, the r.h.s. vanishes and in the limit 



= (5-6)J,(x) . (28) 

The lowest root x of (|28|) is given by x = 0, which corresponds to the massless 
mode when R is finite and is neglected here. Other nontrivial roots (x 7^ 0) 
are finite and do not depend on R. Since the corresponding mass is given by 

m„ = kzn = kxe-^^^ , (29) 

the non-trivial lowest mass vanishes in the limit, which corresponds to the 
local minimum in the potential (§). 

In order to investigate the behavior of Eq.(p7D in the limit of i? — 0, one 
rewrites (^Tj) in the following form: 

Here 

Ux) = (5 - b)Ux) + xJ'M , Vaix) = (5 - b)Y^ix) + xF^(x) . (31) 
Then in the limit of i? — > 0, Eq.(|30|) becomes 



= A(^). (32) 

dx \ya{x) J 

Again the non-trivial lowest roots are finite and independent of R. Eq.p9|) 
tells the mass is the order of the Planck mass since x is of order unity. Then 
the mass corresponds to the global minimum of the effective potential at low 
temperature. 

The analysis in the limits R ^ 00 and R ^ suggests that the thermal 
effects would make the compactification radius to be small. If we include, 
however, the winding modes as in (|lTl), the corresponding masses vanish in 
the limit of i? — > 0, which corresponds to the local minimum of the effective 
potential. This might suggest that there is a non-trivial maximum in the 
lowest mass as in flat spacetime in (|12[). If kR is equal or less than unity and 
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k has the order of the Planck mass, the maximum value of the lowest mass has 
the order of the Planck mass. Therefore the thermal effects might stabilize 
the compactification radius R. In other words, the same thermal mechanism 
of radion stabilization which has been suggested in ref. works (for other 
mechanisms, see It is quite natural as it is fulfilled by quantum effects 

of fields from supermultiplet. There is no need to add extra fields. 

Let us consider non-supersymmetric case. If supersymmetry is broken, 
zero-temperature contributions from bosons and fermions are not cancelled 
with each other. Such zero temperature contributionse in d = 4 thermal 
brane (AdSs) have been evaluated in |13[ (for related discussion of bulk 
Casimir effect in brane- worlds see refs. Il^, ^). We now evaluate vacuum 
energy for d = 10 (AdSn) case in a similar way. For zero temperature, (^) 
and (Bl) have the following forms: 



-E^(oo;m) 



d-l 



d'^-^p 



d-l 



p2 _|_ ^2 



2{4n 



r 



d' 



m 



(33) 

Suming up the contributions with respect to m = kxe '^'^^ in (^Uj) which 
satisfy (p7|) and using formula Agia) = J2n^n^ from p!3|p| one gets: 



AJd) 



S f TCS 

— sm — 

TT V 2 



Here a = e '^'^^ and the Bessel functions of imaginary argument are 



dtt' 



-s-l 



In 



2g-t(l-a) 



tv a 



{ky{t)iy{at) - k^{at)iy{t)} 



(34) 



i,{z) = (5 - h)Uz) + zr^{z) , k,{z) = (5 - h)K^{z) + zK'^{z) , (35) 

which correspond to (PT|). If we choose s = —d = — 10 + e when e ~ 0, As{a) 
has the following form: 



AJa) 



5e 



+ / dtt^-'ln 







dtf~'\n 



1 - 




e %{t) 



kait)ia{at) 

ka{dt)ia{t) 

1 

+- 



(36) 



a 



lO-e 



dtf-' hi 







-/k^{t) 



^It is convenient to use zeta-regularization in such calculation, see |10[ for an 
introduction. 
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As in |]T3[, the second term is cancelled by a local counterterm and the third 
term is absorbed into the renormalization of the Planck brane tension. Only 
the first term, which is finite, gives a non-trivial contribution to the effective 
potential. When a is small 



dtt^ In 



1 - 



ka(t)ia{at) 
ka{at)ia{t) 



9+2a kgjt) 

ar{a)2 5-b-a \2 J JO 
' - \ 2a+2 



for 5 - 6 ^ ±a (37) 



^^(^^TfeFi^(i) /o°°rf"-+-^ for 5-6 = -a (38) 



2(-a+l) 5-b+a f d\'^"+^ 
ar(a)2 7-b-a 



-2a kgjt) 
ia{i) 



for 5 — 6 



a . 



(39) 



As an example, we consider the case that 6 = 5 and a > 0. Then combining 
and (P7|), one gets bosonic (fermionic) potential V^''(a) and Vq {a) 



4!(27r)522"r(a)2 



9+2a 



Kit) 

m 



> . 



(40) 



Including the leading low-temperature term which corresponds to (0) one 
arrives to 



(fcxa)^e' 



-jBkxa 



2(27r/?)2 



(41) 



Here sign — (+) corresponds to boson (fermion). As we know that the R 
or X dependence is small from the analysis in (B^-B^, we can regard x as 



a constant of order unity. Then the second term in (^Tf ) has a maximum of 
order f3~^^ when kax has order of For kax of order of the first term 
in (^rp is about of (3~^'^{(3k)~'^°' . Then for the fermionic case, the potential 
V-^{d) (|4l|) has a nontrivial (a > 0) minimum. If the value of the potential at 
the minimum is smaller than the value at a = 0, which is given in the femionic 
case (H), the non-trivial minimum becomes a true minimum. Therefore the 
thermal effects can stabilize the compactification radius R. The value amin of 
a at the minimum would be same order as the value of a at the maximum of 
the second term in (0), then the order should be Taking the temperature 
as the order of the weak scale ~ 10^ GeV and assuming k is about of the 
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Planck scale ~ 10^^ GeV, one finds amin ~ 10^^''. This example proves that 
quantum bulk effects in a brane-world AdSn at nonzero temperature may 
not only stabilize lOd brane-world (quantum spontaneous compactification 
occurs) but also provide the dynamical mechanism for the resolution of the 
hierarchy problem (with no fine-tuning) as in the Randall- Sundrum model 
It is expected that similar effect occurs for complete effective field theory 
(lid SG) following from M-theory. It would be extremely interesting to 
extend this consideration for M(Membrane)-theory, taking account of non- 
linear effects in order to get the corresponding Hagedorn temperature on 
curved lid background. 
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